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1. Introduction
Geometric or large N transitions relating open and closed topological string theories
[13] have had a deep impact in the study of topological strings, and they have led to the first
systematic solution of these models on noncompact, toric Calabi-Yau threefolds through
the topological vertex of [2] (see [31,36] for a review). The study of topological strings on
Calabi-Yau orientifolds was initiated in [40], where an orientifold of the geometric transition
of [13] relating the deformed and the resolved conifold was studied in detail, and continued
in [1] from the B-model point of view. The geometric transition of [13] can be extended
to more general toric geometries [4,7,8,3], and in [5] we proposed in fact a general class of
large N dualities involving orientifolds of non-compact toric Calabi-Yau threefolds. These
dualities involve U(N), SO(N) and Sp(N) Chern-Simons gauge theories, and they make
possible the computation of unoriented string amplitudes. The results obtained through
large N dualities were also checked in [5] against independent localization computations.
Moreover, we found a topological vertex prescription to compute these amplitudes directly,
extending in this way the general formalism of the topological vertex to include the case
of orientifolds without fixed planes.
In this paper we continue the study of topological string amplitudes on orientifolds
initiated in [5]. Our main goal is to extend the results in [5] to topological open strings on
orientifolds without fixed points. In other words, we consider orientifolds of non-compact
Calabi-Yau threefolds with D-branes.
An important property of topological string amplitudes is that they have an integrality
structure related to the counting of BPS states, as it was first realized by Gopakumar and
Vafa [14] in the case of closed string amplitudes. The integrality structure in the open
case was studied in [38,25]. As a first step in our study of topological string amplitudes
on orientifolds without fixed planes we analyze their BPS structure. What we find is that
the total orientifold amplitude is the sum of an oriented amplitude (the untwisted sector)
and an unoriented amplitude (the twisted sector) with different integrality properties. We
explain how to compute the contribution of the twisted sector in the open case. We also
spell out in detail the integrality properties of the twisted sector contributions.
This integrality structure provides a strong requirement on topological open string
amplitudes, and we check it explicitly on various examples involving orientifolds with D-
branes. To compute these open string amplitudes we use the new vertex rule introduced
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in [5]. We also compute the associated Gromov-Witten invariants using independent local-
ization techniques developed in [9,5], and find perfect agreement with the results obtained
with the vertex.
One of the most interesting applications of the large N duality between open and
closed topological strings consists in the determination of structural properties of knot
and link invariants related to the BPS structure of open topological strings. For example,
from the results of [38,25] one can deduce structure theorems for the coloured HOMFLY
polynomial of knots and links. The largeN duality on orientifolds now involves SO(N) and
Sp(N) Chern-Simons theories. Therefore, the BPS structure of the amplitudes should lead
to the determination of structural properties of a different type of knot and link invariant:
the coloured Kauffman polynomial [20]. Although for arbitrary knots and links we cannot
determine in detail the structure of the untwisted sector, we are able to derive general
structural results for the coloured Kauffman polynomial. We test again these predictions
on various examples involving torus knots.
The paper is structured as follows. In section 2, we explore the BPS content of
closed and open topological string amplitudes on orientifolds and formulate their structural
properties. We then compute explicitly the amplitudes for various examples in section
3: the SO/Sp framed unknot, the SO/Sp framed Hopf link, and an outer brane in IP2
attached to IRIP2. The independent localization computations we provide for all these
examples corroborate our methods and proposals. In section 4 we formulate structural
properties of the coloured Kauffman polynomial. We discuss our results and propose new
avenues of research in section 5. Finally, Appendix A contains useful formulae, while in
Appendix B we give a full proof of the identity that was conjectured (and partially proved)
in [5]; this identity shows that the new vertex rule introduced in [5] to compute amplitudes
on orientifolds agrees with the results of large N SO/Sp transitions. Appendix C lists
some results for BPS invariants coming from SO Chern-Simons theory.
2. Topological open string amplitudes in orientifolds
2.1. BPS structure of topological string amplitudes
One of the most important results of topological string theory is the fact that topo-
logical string amplitudes have an integrality, or BPS structure, which expresses them in
terms of numbers of BPS states. Let us briefly review the known results for both open
and closed strings.
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In the case of topological closed strings on Calabi-Yau threefolds, the BPS structure
was obtained by Gopakumar and Vafa in [14]. Let us denote by Fg(t) the topological string
free energy at genus g, where t denotes the set of Ka¨hler parameters of the Calabi-Yau
threefold X , and let
F(t, gs) =
∞∑
g=0
g2g−2s Fg(t) (2.1)
be the total free energy. Then, one has the following structure result:
F(t, gs) =
∞∑
d=1
∞∑
g=0
∑
β
1
d
ngβ
(q
d
2 − q−
d
2 )2−2g
e−dβ·t. (2.2)
where q = eigs , the sum over β is over two-homology classes in X , and ngβ (the so-called
Gopakumar-Vafa invariants) are integers. The factor (q
d
2 − q−
d
2 )2g comes from computing
a signed trace over the space of differential forms on a Riemann surface of genus g, while
the factor (q
d
2 − q−
d
2 )−2 comes from a Schwinger computation [14].
For open string amplitudes, the structure of the amplitudes was found in [38,25] and
is much more delicate. To define an open string amplitude we have to specify boundary
conditions through a set of submanifolds of X , S1, · · · , SL. To each of these submanifolds
we associate a source Vℓ, ℓ = 1, · · · , L, which is a U(M) matrix. The total partition
function is given by
Z(V1, · · · , VL) =
∑
R1,···,RL
Z(R1,···,RL)
L∏
α=1
TrRαVα, (2.3)
where Rα denote representations of U(M) and we are considering the limit M → ∞.
The amplitudes Z(R1,···,RL) can be computed in the noncompact, toric case by using the
topological vertex [2]. According to the correspondence proposed in [38], they are given
in some cases by invariants of links whose components are coloured by representations
R1, · · · , RL. The free energy is defined as usual by
F(V1, · · · , VL) = − log Z(V1, · · · , VL) (2.4)
and is understood as a series in traces of V in different representations. We define the
generating function f(R1,···,RL)(q, λ) through the following equation:
F(V ) = −
∞∑
n=1
∑
R1,···,RL
1
n
f(R1,···,RL)(q
n, e−nt)
L∏
α=1
TrRαV
n
α (2.5)
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The main result of [25] is that f(R1,···,RL)(q, e
−t) is given by:
f(R1,···,RL)(q, e
−t) =
(q
1
2 − q−
1
2 )L−2
∑
g≥0
∑
β
∑
R′1,R
′′
1 ···,R
′
L
,R′′
L
L∏
α=1
cRα R′α R′′αSR′α(q)N(R′′1 ,···,R′′L),g,β(q
1
2 − q−
1
2 )2ge−β·t.
(2.6)
In this formula Rα, R
′
α, R
′′
α label representations of the symmetric group Sℓ, which can
be labeled by a Young tableau with a total of ℓ boxes. cRR′ R′′ are the Clebsch-Gordon
coefficients of the symmetric group, and the monomials SR(q) are defined as follows. If R
is a hook representation
(2.7)
with ℓ boxes in total, and with ℓ− d boxes in the first row, then
SR(q) = (−1)
dq−
ℓ−1
2 +d, (2.8)
and it is zero otherwise. Finally, N(R1,···,RL),g,β are integers associated to open string
amplitudes. They compute the net number of BPS domain walls of charge β and spin
g transforming in the representations Rα of U(M), where we are using the fact that
representations of U(M) can also be labeled by Young tableaux. It is also useful to
introduce a generating functional for these degeneracies as in [25]:
f̂(R1,···,RL)(q, e
−t) =
∑
g≥0
∑
β
N(R1,···,RL),g,β(q
1
2 − q−
1
2 )2g+L−2e−β·t. (2.9)
We then have the relation:
f(R1,···,RL)(q, e
−t) =
∑
R′1,···,R
′
L
L∏
α=1
MRαR′α(q)f̂(R1,···,RL)(q, e
−t), (2.10)
where the matrix MRR′(q) is given by
MRR′(q) =
∑
R′′
cRR′ R′′SR′′(q)
and it is symmetric and invertible [25]. The f(R1,···,RL) introduced in (2.5) can be extracted
from Z(R1,···,RL) through a procedure spelled out in detail in [23,24,25]. One has, for
example,
f = Z − Z 0Z0 , (2.11)
where 0 denotes the trivial representation. As it was emphasized in [23,24,25], this struc-
ture result has interesting consequences for knot theory, since it implies a series of inte-
grality results for knot and link invariants. We will come back to this issue in section
4.
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2.2. BPS structure of topological strings on orientifolds
We want to understand now the corresponding BPS structure of closed and open
topological string amplitudes on orientifolds without fixed points, like the ones considered
in [40,1]. In [5] the closed case was studied in detail, in the noncompact case, by using large
N transitions and the topological vertex. Let us denote by X/I the orientifold obtained
by an involution on X . The total free energy has in this case the structure
F(X/I, gs) =
1
2
F(X, gs) + F(X/I, gs)unor, (2.12)
where gs is the string coupling constant. In the r.h.s. of this equation, the first summand
is the contribution of the untwisted sector, and it involves the free energy F(X, gs) of the
covering X of X/I, after suitably identifying the Ka¨hler classes in the way prescribed by
the involution I. This piece of the free energy has an expansion identical to (2.2), but due
to the factor 1/2 it involves half-integers instead of integers. The second summand, that
we call the unoriented part F(X/I, gs)unor, is the contribution of the twisted sector, and
involves the counting of holomorphic maps from closed non-orientable Riemann surfaces
to the orientifold X/I. The Euler characteristic of a closed Riemann surface of genus g
and c crosscaps is χ = −2g + 2− c where c is the number of crosscaps. We then have
F(X/I, gs)unor = F(X/I, gs)
c=1
unor + F(X/I, gs)
c=2
unor, (2.13)
which corresponds to the contributions of one and two crosscaps. Following the arguments
in [14] we predict the following structure
F(X/I, gs)
c=1
unor =±
∑
d odd
∞∑
g=0
∑
β
ng,c=1β
1
d
(q
d
2 − q−
d
2 )2g−1e−dβ·t,
F(X/I, gs)
c=2
unor =
∑
d odd
∞∑
g=0
∑
β
ng,c=2β
1
d
(q
d
2 − q−
d
2 )2ge−dβ·t,
(2.14)
where ng,cβ are integers. The ± sign in the c = 1 free energy is due to the two different
choices for the sign of the crosscaps, and the restriction to d odd comes, in the case of
c = 1, from the geometric absence of even multicoverings. In the c = 2 case this was
concluded from examination of different examples. The structure results in (2.12), (2.13)
and (2.14) were tested in [5] through detailed computations in noncompact geometries.
We now address the generalization to open string amplitudes in orientifolds. We
first consider for simplicity the case of a single boundary condition in the orientifold X/I
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associated to a topological D-brane wrapping a submanifold S. As in the closed string
case, the total open string amplitude will have a contribution from untwisted sectors, and
a contribution from twisted sectors. We will then write
F(V ) =
1
2
For(V ) + Funor(V ), (2.15)
The contribution from the untwisted sector, For(V ), involves the covering geometry, which
will be given by X , the submanifold S, and its image under the involution I(S). In other
words, the covering amplitude will involve now two different sets of D-branes, in general.
The covering geometry with two sets of branes has the total partition function
Zcov(V1, V2) =
∑
R1,R2
CR1R2TrR1V1 TrR2V2, (2.16)
where V1, V2 are the sources corresponding to S and I(S) and represent open string moduli.
Since the two D-branes in S and I(S) are related by an involution, the two-brane amplitude
in (2.16) is symmetric under their exchange, i.e. we have
CR1R2 = CR2R1 . (2.17)
In order to obtain For(V ) we have to make the identification of both closed and open string
moduli under the involution I. This means identifying the Ka¨hler parameters that appear
in CR1R2 (the closed background) but also setting V1 = V2 = V (the open background).
We then find
Zor(V ) =
∑
R
ZorR TrRV (2.18)
where
ZorR =
∑
R1,R2
NRR1R2CR1R2 =
∑
R′
CR/R′R′ . (2.19)
Here we have used that
TrR1V TrR2V =
∑
R
NRR1R2 TrRV (2.20)
and NRR1R2 are tensor product coefficients. In (2.19) we also used these coefficients to
define skew coefficients with labels R/R′, as in (A.7). If we denote CR ≡ CR·, we have for
example
Zor = 2 C , Zor = 2 C + C , Zor = 2C + C . (2.21)
6
It turns out that the quantities ZorR defined in this way have the integrality properties of
a one-brane amplitude, as it should. One finds, for example,
f̂or = 2f̂ cov· , f̂
or = 2f̂ cov· −
1
q
1
2 − q−
1
2
f̂ cov, f̂or = 2f̂ cov
·
−
1
q
1
2 − q−
1
2
f̂ cov. (2.22)
In these equations, the superscript “cov” refers to quantities computed from the two-brane
amplitude CR1R2 according to the general rules for open string amplitudes in the usual,
oriented case explained above. One can easily verify from the integrality properties of
f̂R1R2 as a 2-brane amplitude that indeed f̂
or
R has the integrality properties of a one-brane
amplitude. In fact, using the identity∑
R′,R′1,R
′
2
M−1RR′N
R′
R′1R
′
2
MR′1R1MR′2R2 =
1
q−
1
2 − q
1
2
NRR1R2 (2.23)
we can write
f̂orR =
∑
R1R2
NRR1R2 f̂
cov
R1R2
, (2.24)
where we put f̂R0 ≡ (q
− 12 − q
1
2 )f̂R.
We would like to determine now the structural properties of Funor(V ). This is indeed
very easy. The analysis of [25] to determine the structural properties of F (V ) in the
usual oriented case was based on an analysis of the Hilbert space associated to an oriented
Riemann surface Σg,ℓ with ℓ holes ending on S and in the relative homology class β ∈
H2(X,S). The relevant Hilbert space turns out to be
Sym
(
F⊗ℓ ⊗H∗(Jg,ℓ)⊗H
∗(Mg,ℓ,β)
)
(2.25)
where Jg,ℓ = T
2g+ℓ−1 is the Jacobian of Σg,ℓ, F is a copy of the fundamental represen-
tation of the gauge group, Mg,ℓ,β is the moduli space of geometric deformations of the
Riemann surface inside the Calabi-Yau manifold, and Sym means that we take the com-
pletely symmetric piece with respect to permutations of the ℓ holes. Since the bulk of the
Riemann surface is not relevant for the action of the permutation group, we can factor out
the cohomology of the Jacobian T2g. The projection onto the symmetric piece can easily
be done using the Clebsch-Gordon coefficients cRR′ R′′ of the permutation group Sℓ [12],
and one finds ∑
RR′ R′′
cRR′ R′′SR(F
⊗ℓ)⊗ SR′(H
∗((S1)ℓ−1))⊗ SR′′(H
∗(Mg,ℓ,β)) (2.26)
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where SR is the Schur functor that projects onto the corresponding subspace. The space
SR(F
⊗ℓ) is nothing but the vector space underlying the irreducible representation R of
U(M). SR′(H
∗((S1)ℓ−1)) gives the hook Young tableau, and the Euler characteristic of
SR′′(H
∗(Mg,ℓ,β)) is the integer invariant NR′′,g,β. Therefore, the above decomposition
corresponds very precisely to (2.6) (here we are considering for simplicity the one-brane
case).
In the case of an unoriented Riemann surface, the above argument goes through, with
the only difference that now the Jacobian is Jg,c,ℓ = T
2g−1+ℓ+c, where c = 1, 2 denotes the
number of crosscaps. Therefore, the analysis of the cohomology associated to the boundary
is the same. We then conclude that
Funor(V ) = −
∑
R
∑
d odd
1
d
funorR (q
d, e−dt)TrRV
d, (2.27)
and using again (2.10) one can obtain new functions
f̂unorR =
′∑
R
M−1RR′f
unor
R′ (2.28)
with contributions from one and two crosscaps:
f̂unorR = f̂
c=1
R + (q
1
2 − q−
1
2 )f̂ c=2R , (2.29)
and we finally have
f̂ cR(q, e
−t) =
∑
g,β
N cR,g,β(q
1
2 − q−
1
2 )2ge−β·t. (2.30)
Each crosscap contributes then an extra factor of q
1
2 − q−
1
2 , as in the closed case.
In real life, what one computes is the total amplitude in the l.h.s. of (2.15), in terms
of
F(V ) = − logZ(V ) = − log
(∑
R
ZRTrR V
)
, (2.31)
and one wants to find the unoriented contribution to the amplitude after subtracting the
oriented contribution. The above formulae give a precise prescription to compute funorR .
The results one finds, up to three boxes, are the following:
funor =Z − C ,
funor =Z −
1
2
Z2 − C +
1
2
C2 −
1
2
f cov,
funor =Z −
1
2
Z2 − C +
1
2
C2 −
1
2
f cov,
funor =Z − Z Z +
1
3
Z3 − C + C C −
1
3
C3
−
1
3
funor(q3, Q3)− f cov ,
(2.32)
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and
funor =Z − Z Z − Z Z +
2
3
Z3 − C + C C + C C +
2
3
C3
+
1
3
funor(q3, Q3)−
1
2
(f cov + f cov),
funor =Z − Z Z +
1
3
Z3 − C − C C +
1
3
C3
−
1
3
funor(q3, Q3)− f cov.
(2.33)
The above considerations are easily extended to the case in which we have L sets of
D-branes in the orientifold geometry. The covering amplitude involves now 2L D-branes,
and reads
Zcov =
∑
R1,S1,···,RL,SL
CR1S1···RLSLTrR1V1TrS1W1 · · ·TrRLV1TrSLWL. (2.34)
The oriented amplitude is obtained by identifying the moduli in pairs under I, and is given
by
ZorQ1···QL =
∑
Ri,Si
NQ1R1S1 · · ·N
QL
RLSL
CR1S1···RLSL . (2.35)
The equations (2.15), (2.27) and (2.30) generalize in an obvious way, but now we have
f̂ c(R1···RL)(q, e
−t) =
∑
g,β
N c(R1,···,RL),g,β(q
1
2 − q−
1
2 )2g+L−1e−β·t, (2.36)
where the extra L− 1 factors of q
1
2 − q−
1
2 have the same origin as in (2.9).
3. Examples of open string amplitudes
In this section we study in detail some examples and verify the above formulae for
the unoriented part of the free energy. In order to do that, we have to compute the total
amplitudes ZR in orientifold geometries. These amplitudes can be obtained in three ways:
by using the unoriented localization methods of [9,5], by using mirror symmetry [1], and
by using Chern-Simons theory and the topological vertex. For the examples of open string
amplitudes studied in this section we will use the topological vertex of [2], which can be
adapted to the orientifold case [5], and also localization. We first summarize very briefly
the results of [5] on the topological vertex on orientifolds, and then we study in detail
three examples. Finally we check some of the topological vertex results with unoriented
localization.
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3.1. The topological vertex on orientifolds
RP 2
R
Fig. 1 Toric diagram for the quotient X/I of a local, toric Calabi-Yau manifold
with a single IRIP2.
Let us consider a quotientX/I of a local, toric Calabi-Yau manifoldX by an involution
I without fixed points which can be represented as in fig. 1. We have a bulk geometry,
represented by the blob, attached to an IRIP2 through an edge with representation S. Let
us denote by OS the amplitude for the blob with the external leg. In [5] we proposed the
following formula for the total partition function:
Z =
∑
S=ST
OSQ
ℓ(S)/2(−1)
1
2 (ℓ(S)∓r(S)) (3.1)
where the sum is over all self-conjugate representations S. Here r(S) denotes the rank of
S, Q is the exponentiated Ka¨hler parameter corresponding to the IRIP2, and the ∓ sign is
correlated with the choice of ± sign for the crosscaps. In [5] the above prescription was
used to compute closed string amplitudes, and we conjectured the following identity:
1
S
SO(N)/Sp(N)
00
∑
R=RT
CR1RT2 RQ
ℓ(R)/2(−1)
1
2 (ℓ(R)∓r(R)) = q−
κR2
2 Q
1
2 (ℓ(R1)+ℓ(R2))W
SO(N)/Sp(N)
R1R2
,
(3.2)
where CRT2 RR1 is the topological vertex of [2], W
SO(N)/Sp(N)
R1R2
is the SO/Sp Chern-Simons
expectation value of the Hopf link with linking number +1 (after setting the Chern-Simons
variable λ defined in (4.4) to be λ = Q−1), and S
SO(N)/Sp(N)
00 is the partition function of
SO/Sp Chern-Simons theory on S3. We refer the reader to [31,5] for explicit formulae
for the Hopf link invariants. The identity (3.2) was used in [5] to show that the results
obtained with (3.1) coincide with those that are obtained from largeN transitions involving
SO/Sp gauge groups. In the examples that follow we will use (3.1) to compute open string
amplitudes on orientifolds, making use as well of the identity (3.2). We provide a proof of
(3.2) in Appendix B.
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3.2. The SO/Sp framed unknot
RP 2
R
Fig. 2 A D-brane in an outer leg of the orientifold of the resolved conifold.
We start with the simplest nontrivial Calabi-Yau orientifold, namely the orientifold
of the resolved conifold. The resolved conifold X is a noncompact Calabi-Yau threefold
which admits a toric description given by the following toric data:
X1 X2 X3 X4
C∗ 1 1 −1 −1
(3.3)
Therefore, it is defined as the space obtained from
|X1|
2 + |X2|
2 − |X3|
2 − |X4|
2 = t (3.4)
after quotienting by the U(1) action specified by the charges in (3.3). The involution
I : (X1, X2, X3, X4)→ (X2,−X1, X4,−X3). (3.5)
leads to an orientifold model whose target X/I contains a single IRIP2 obtained from the
quotient of the IP1 of X by I. This geometry was first considered in [40,1] and further
studied in [5].
Let us now put a D-brane in an outer leg of the orientifold geometry. In the oriented
case, the open string amplitude labelled by R is computed by the Chern-Simons invariant
of the framed unknot with gauge group U(N) (see for example [31,32]). We want to study
now the unoriented case. In order to extract the unoriented string amplitudes, we have to
compute both the total amplitudes ZR and the covering amplitudes CR1R2 . Let us start
analyzing the covering amplitude.
11
RR
1
2
Fig. 3 The covering configuration contains two D-branes.
The covering geometry involves both the original D-brane and its image under the
involution I, and a simple analysis shows that we have to consider two D-branes in opposite
legs as depicted in fig. 3. The amplitude for this two-brane configuration can be computed
by using the topological vertex of [2] (see Appendix A for a list of useful formulae and
properties of the vertex). A simple application of the rules in [2] gives
CR1R2 =
1
ZIP1
∑
R
CR1R·CRT ·R2(−Q)
ℓ(R) =
1
ZIP1
∑
R
WR1RTWRR2(−Q)
ℓ(R) (3.6)
where Q = e−t, ZIP1 is the partition function of the resolved conifold
ZIP1 =
∞∏
k=1
(1−Qqk)k, (3.7)
and the quantities WR1R2 are defined in (A.4). The above quotient of series can be com-
puted in a closed way by using the techniques of [17,10], and in fact one obtains two
equivalent expressions. The first expression is
CR1R2 =WR1WR2
∏
k
(1− qkQ)Ck(R1,R2) (3.8)
where the coefficients Ck(R1, R2) are given by (A.13) or (A.14). Notice that (3.8) is a
Laurent polynomial in q±
1
2 and a polynomial in Q. There is, however, a second expression
for CR1R2 which involves skew quantum dimensions. The derivation uses the representation
of the vertex in terms of skew Schur functions given in (A.6). Define first:
WR = (dim
U(N)
q R)(λ = Q
−1), (3.9)
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where λ is again the Chern-Simons variable (4.4), and the quantum dimension is defined
in (A.2). Then we have, after using (A.10),
CR1R2 = q
κR1
+κR2
2 Q
ℓ(R1)+ℓ(R2)
2
∑
R
(−1)ℓ(R)WRT1 /RWRT2 /RT . (3.10)
We now compute the total amplitude for the configuration depicted in fig. 2. To do
this we can use (3.1), where OS is now an open string amplitude given by C·RS . One finds
ZR =
1
ZX/I
∑
R′=R′T
C·RR′Q
ℓ(R′)/2(−1)
1
2 (ℓ(R
′)∓r(R′))
=q
κR
2 W
SO/Sp
RT
,
(3.11)
where we have used the formula (3.2) to express the amplitude in terms of SO/Sp quantum
dimensions. We then see that the total brane amplitude in fig. 2 is given by the Chern-
Simons invariant of an unknot for gauge groups SO/Sp. To obtain the unoriented piece of
this amplitude, we have to subtract the covering contribution, which involves a nontrivial
combination of quantum dimensions for U(N). For a framed D-brane one should simply
change
ZR → (−1)
ℓ(R)pq
pκR
2 ZR,
CR1R2 → (−1)
(ℓ(R1)+ℓ(R2))pqp
κR1
+κR2
2 CR1R2 ,
(3.12)
since in the covering configuration one has to put the same framing in both legs, by
symmetry.
We can now compute funorR by using the results of the previous section. We will present
explicit results only up to three boxes. The first thing one finds is that f c=2R vanishes at
this order in R. For f c=1R one finds (we present here the results for SO(N); for Sp(N) one
only has to change the overall sign of the c = 1 contributions):
f̂ c=1 =(−1)pQ1/2,
f̂ c=1 =
q1−p
(
1− qp − q1+p + q1+2 p
)
Q1/2 (−1 +Q)
(q − 1)2(q + 1)
,
f̂ c=1 =q−p
(
1− q1+p − q2+p + q3+2 p
)
Q1/2 (−1 +Q)
(q − 1)2(q + 1)
,
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and
f̂ c=1 =
(−1)pq2−3p(−1 + qp)(−1 + q1+p)Q1/2(−1 +Q)
(−1 + q)4(1 + q)2(1 + q2 + q4)
× [−q + q2p + q1+p(−1− q + 2qp − q2p) + q2(1+p)(2 + q − qp − q2p)
+Q(1 + qp − q2p + q1+p(1− 2qp) + q2(1+p)(−2− q + qp) + q3(1+p)(1 + qp))],
f̂ c=1 =
(−1)pq−3p(−1 + q1+p)Q1/2
(−1 + q)4(1 + q)2(1 + q2 + q4)
× [q(−1 + qp)(1 + qp + q1+p(1− 2qp) + q2(1+p)(−2− 2q) + q3(1+p)(1 + q) + q4(1+p))
−Q(1 + q)(−1 + q1+p(−1 + 3qp) + q2(1+p)(2 + 3q − 3qp)
+ q3(1+p)(−2− 3q2) + q4(1+p) + q5(1+p))
+Q2(−1 + q1+p(−1 + 2qp) + q2(1+p)(2 + 3q + q2 − qp)
+ q3(1+p)(−3− 2q − 2q2) + q5+4p + q6+5p)],
f̂ c=1 =
(−1)pq−1−3p(1− q1+p − q2+p + q3+2p)Q1/2(−1 +Q)
(−1 + q)4(1 + q)2(1 + q2 + q4)
× [−q(1 + q1+p(1 + q − qp) + q2(1+p)(−2− 2q − q2) + q3(1+p)(1 + q) + q5+4p))
+Q(1 + q1+p(1 + q) + q2(1+p)(−1− 2q − 2q2 − q3) + q3(1+p)(q2 + q3) + q7+4p)].
One can indeed check that, for any integer p, the above polynomials are of the form
predicted in (2.30) (they are polynomials in (q1/2 − q−1/2)2 with integer coefficients).
3.3. IP2 attached to IRIP2
The next example we consider is the orientifold studied in [9,5], with a D-brane located
in an outer leg. In this case, the covering space consists of two IP2’s connected by a IP1,
with two D-branes in opposite legs (the geometry is shown in fig. 4). Let us now define
the following operator corresponding to the IP2 with an outer D-brane:
ORS =
∑
Ri
q
∑
i
κRi (−1)
∑
i
ℓ(Ri)CSR3RT1 C·R2RT3 CR1RT2 Re
−t
∑
i
ℓ(Ri)
where S is the representation attached to the D-brane. Using the topological vertex rules
we can write, for arbitrary framing p (Zclosed is the amplitude without D-branes):
CS1S2 =
1
Zcovclosed
∑
R
(−1)p(ℓ(S1)+ℓ(S2))q
p
2 (κS1+κS2 )ORS1ORTS2(−Q)
ℓ(R)
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R 3
(−2)
R (−2)
R (−2)
R
1
2
S
R 3
(−2)
(−2)
R (−2)
R
R’
R’3
(−2)
(−2)R’(−2)
(0)
S 1
2
1
1
2
2S
R
Orientifold Covering geometry
Fig. 4 A D-brane in an outer leg of the orientifold of the two IP2’s connected by
a IP1 .
and
Zcovclosed = 1 +
∑
R
OR·ORT ·(−Q)
ℓ(R), (3.13)
where in the last equation we have singled out the term where all the representations are
trivial. As we do not have a closed expression for CS1S2 we have to evaluate Zor order by
order in Q and e−t.
Let us compute now ZS by using the topological vertex rules for orientifolds developed
in [5]. We find that
ZS =
1
Zclosed
(−1)pℓ(S)q
pκS
2
∑
R=RT
ORSQ
ℓ(R)/2(−1)
1
2 (ℓ(R)∓r(R))
where
Zclosed = 1 +
∑
R=RT
OR·Q
ℓ(R)/2(−1)
1
2 (ℓ(R)∓r(R)). (3.14)
Using the results in the previous section, we can compute the functions f̂ cS(q, Q, e
−t). We
find the following results at low order, for arbitrary framing p (again we present the results
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for SO(N)):
f̂ c=1 =(−1)p
[
−Q1/2e−t + 4Q1/2e−2t − (35 + 8 z)Q1/2e−3t
+ (400 + 344 z + 112 z2 + 13 z3)Q1/2e−4t − 2Q3/2e−2t + (30 + 6 z)Q3/2e−3t
− (488 + 359 z + 104 z2 + 11 z3)Q3/2e−4t − 3Q5/2e−3t
+ (132 + 59 z + 8 z2)Q5/2e−4t + · · ·
]
,
f̂ c=2 =− (−1)p
[
Q2e−3t − (15 + 7 z + z2)Q2e−4t + 2Q4e−4t + · · ·
]
,
f̂ c=1 =
q−p+1(−1 + qp)(−q + qp)
(q − 1)2(q + 1)
Q1/2e−t −
3q−p+1(−1 + qp)2
(q − 1)2
Q1/2e−2t + · · · ,
f̂ c=2 =
q−p+1(qp − 1)2
(q − 1)2
Q2e−3t + · · · ,
f̂ c=1 =
q−p+1(qp − 1)(q1+p − 1)
(q − 1)2(q + 1)
Q1/2e−t −
3q−p(q1+p − 1)2
(q − 1)2
Q1/2e−2t + · · · ,
f̂ c=2 =
q−p(q1+p − 1)2
(q − 1)2
Q2e−3t + · · · ,
where z ≡ (q
1
2 − q−
1
2 )2.
By comparing with (2.30), it is easy to see that the results above have the expected
polynomial form with integer coefficients for any p. In contrast to the example above of
a D-brane in the orientifold of the conifold, in this example there are nonzero amplitudes
with an even number of crosscaps.
3.4. SO/Sp Hopf link invariant
R (0)
1
R
1SS 2
P
P 3
P 2
P 4
Covering geometryOrientifold
Fig. 5 Two adjacent D-branes in the outer legs of the orientifold of the resolved
conifold.
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Our third and final example is the orientifold of the resolved conifold with two adjacent
D-branes in the outer legs. The covering geometry now involves four sets of D-branes in the
outer legs of the resolved conifold, oppositely identified by the involution. The geometry
is shown in fig. 5.
Using the topological vertex, we find for the covering amplitude (for arbitrary framings
p1 and p2):
CP1P2P3P4 =
1
ZIP1
∑
R
(−1)p1(ℓ(P1)+ℓ(P3))+p2(ℓ(P2)+ℓ(P4))
× q
p1
2 (κP1+κP2 )+
p2
2 (κP2+κP4)(−Q)ℓ(R)CRTP1P2CRP3P4
(3.15)
To obtain the oriented amplitude from (3.15) we have to identify the moduli P1 (P2)
with P3 (P4) as explained in (2.35). We can rewrite (3.15) by using the expression of the
topological vertex in terms of Schur functions (A.6):
CP1P2P3P4 =
1
ZIP1
q
1
2 (
∑4
i=1
κRi )sRT1 (q
ρ)sRT3 (q
ρ)
∑
η1,η2
(−Q)ℓ(η1)sRT2 /η1(q
ℓ(R1)+ρ)sRT4 /η2(q
ℓ(R3)+ρ)
×
∑
R
sRT /η1(−Qq
ℓ(RT1 )+ρ)sR/η2(q
ℓ(RT3 )+ρ).
(3.16)
By using the identities (A.9), (A.10) and (A.15) we finally obtain that
CP1P2P3P4 =q
1
2 (
∑
4
i=1
κRi )sRT
1
(qρ)sRT
3
(qρ)
∏
k
(1−Qqk)Ck(R
T
1 ,R
T
3 )
∑
η
(−Q)ℓ(η)sRT2 /ηT (q
ℓ(R1)+ρ, Qq−ℓ(R
T
3 )−ρ)sRT4 /η(q
ℓ(R3)+ρ, Qq−ℓ(R
T
1 )−ρ),
(3.17)
where we defined the functions
sR/Q(x, y) =
∑
η
sR/η(x)sη/Q(y), (3.18)
and the coefficients Ck(R
T
1 , R
T
3 ) are defined in (A.13) or (A.14). Notice that (3.17) is a
polynomial in Q.
Now that we have our final expression for the covering amplitude, let us look at the
full amplitude. The vertex rules for orientifolds developed in our previous paper [5] tell
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us that, for the amplitude where there are two D-branes in the outer legs, one has (for
arbitrary framings p1 and p2)
ZS1S2 =
1
ZX/I
∑
R=RT
(−1)p1ℓ(S1)+p2ℓ(S2)q
1
2 (p1κS1+p2κS2)CS1S2RQ
ℓ(R)/2(−1)
1
2 (ℓ(R)∓r(R))
= (−1)p1ℓ(S1)+p2ℓ(S2)q
1
2 (p1κS1+p2κS2)q
1
2κS2Q
1
2 (ℓ(S1)+ℓ(S2))W
SO(N)/Sp(N)
S1St2
,
(3.19)
where we used again (3.2). This time, we see that the total amplitude of the two D-
brane configuration in the orientifold of the conifold is given by the SO/Sp Chern-Simons
invariants of the Hopf link.
By substracting the oriented piece from the unoriented amplitude, and using the
results of the previous section, we can compute the N c(S1,S2),g,β integer invariants through
the f̂ cS1S2 functions. As noted in (2.9) we now expect a slightly different structure for the
f̂ cS1S2 functions than the one given by (2.30), since L = 2. Namely, we expect
f̂ cS1S2 =
∑
g,β
N c(S1,S2),g,β(q
1
2 − q−
1
2 )2g+1Qβ . (3.20)
with the f̂ cS1S2 functions defined as in (2.29).
We obtain the following results for SO(N):
f̂ c=1 = (−1)p1+p2Q1/2(1−Q)(q1/2 − q−1/2),
f̂ c=1 =
(−1)2p1+p2Q1/2(1−Q)q−p1−1/2
q − 1
(−q + 2q1+p1 − q1+2p1 +Q(q2 + q2p1 − 2q1+p1)),
f̂ c=1 =
(−1)2p1+p2Q1/2(1−Q)q−p1−1/2
q − 1
(−(−1 + q1+p1)2 +Qq(−1 + qp1)2).
(3.21)
It is straigthforward to show that for any fixed framings p1 and p2 the f̂ functions (3.21)
have the structure predicted by (3.20) with integer invariants N c(S1,S2),g,β. Up to the order
ℓ(S1) + ℓ(S2) = 3 the contributions with two crosscaps vanish.
3.5. Localization computations
In the previous subsections we found many open BPS invariants using the topological
vertex prescription of [5] and the structure predictions of section 2. As far as we are aware
these invariants have never been computed before. Therefore it would be nice to have an
independent check of our results which does not rely on large N duality.
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In [9,5] localization techniques were defined to compute closed unoriented Gromov-
Witten invariants of Calabi-Yau orientifolds. In this section we will extend these techniques
to the case of open unoriented Gromov-Witten invariants, therefore providing an alternative
and independent way to compute the invariants of the previous subsections.
In order to compare our results with localization computations we have to extract
open Gromov-Witten invariants from the f polynomials. First let us recall the definition
of the f functions (2.5):
Fc(V1, . . . , VL) = −
∞∑
d=1
∑
R1,···,RL
1
d
f c(R1,···,RL)(q
d, e−dt)
L∏
α=1
TrRαV
d
α (3.22)
where we added the superscript c for the number of crosscaps. As usual, we can also work
in the ~k basis. In this basis the free energy reads (see [24]):
Fc(V1, . . . , VL) = −
∑
{~kα}
W
(conn),c
(~k(1),...,~k(L))
L∏
α
1
z~k(α)
Υ~k(α)(Vα), (3.23)
where we defined the connected vevs W
(conn),c
(~k(1),...,~k(L))
, and z~k =
∏
m km!m
km . Since q = eigs ,
we can expand the r.h.s of (3.23) in gs. We find a series with the structure [24]:
Fc(V1, . . . , VL) =
∞∑
g=0
i
∑
L
α=1
|~k(α)|+cF c
g,(~k(1),...,~k(L))
g
2g−2+c+
∑
L
α=1
|~k(α)|
s Υ~k(α)(Vα)
= −
(
L∏
α
1
z~k(α)
)
W
(conn),c
(~k(1),...,~k(L))
Υ~k(α)(Vα),
(3.24)
where F c
g,(~k(1),...,~k(L))
is the generating functional for open Gromov-Witten invariants at
genus g, with c crosscaps and fixed boundary conditions given by (~k(1), . . . , ~k(L)). The
factor of i
∑
L
α=1
|~k(α)|+c is necessary to compare Chern-Simons (or topological vertex) results
with localization computations [32]. Thus, we see that to extract open Gromov-Witten
invariants we have to compute the connected vevsW
(conn),c
(~k(1),...,~k(L))
from the f functions. Such
a relation has been deduced in [24]:
W
(conn),c
(~k(1),...,~k(L))
=
∑
d|~k(α), d odd
d
∑
α
|~k(α)|−1
∑
{Rα}
L∏
α=1
χRα(C(
~k
(α)
1/d))f
c
(R1,...,RL)
(qd, e−dt),
(3.25)
where C(~k) is the conjugacy class associated to a vector ~k, which has kj cycles of length j,
and χR is the character of the symmetric group Sℓ. In (3.25) the vector ~k1/d is defined as
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follows. Fix a vector ~k, and consider all the positive integers d that satisfy the following
condition: d|j for every j with kj 6= 0. When this happens, we will say that “d divides ~k”,
and we will denote this as d|~k. We can then define the vector ~k1/d whose components are
(~k1/d)i = kdi. In (3.25) the integer d has to divide all the vectors ~k
(α), α = 1, . . . , L. Note
that in (3.25) the sum is only over d odd: this is because in the unoriented case only odd
multicovers contribute.
Using (3.24) and (3.25) one can find expressions for the generating functionals of open
Gromov-Witten invariants in terms of f functions. Let us define the all genera generat-
ing functionals for open Gromov-Witten invariants with c crosscaps and fixed boundary
conditions given by (~k(1), . . . , ~k(L)):
F c
(~k(1),...,~k(L))
=
∞∑
g=0
F c
g,(~k(1),...,~k(L))
g
2g−2+c+
∑
L
α=1
|~k(α)|
s . (3.26)
For configurations with one representation (L = 1), one finds
F c(1,0,...) = i
1−cf c , F c(2,0,...) =
i−c
2
(f c + f c ), F c(0,1,0,...) =
i1−c
2
(f c − f c )
F c(3,0,...) = −
i1−c
6
(f c + 2f c + f c ), F c(1,1,0,...) =
i−c
2
(f c − f c )
F c(0,0,1,0,...) =
i1−c
3
(f c − f c + f c + f c (q3, e−3t)),
(3.27)
For configurations with two representations (L = 2), one finds
F c((1,0,...),(1,0,...)) = i
−cf c , F c((2,0,...),(1,0,...)) = −
i1−c
2
(f c + f c ),
F c((0,1,0,...),(1,0,...)) =
i−c
2
(f c − f c ).
(3.28)
Using the above formulae, we can compute the F c
(~k(1),...,~k(L))
generating functionals and
put them in the form of (3.26) by expanding in gs. This will extract the open Gromov-
Witten invariants from our previous results.
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I. The SO/Sp framed unknot
The topological vertex gives the following results:
F c=1(1,0,0,...) =(−1)
pQ1/2,
F c=1(2,0,0,...) =
1
2
[
(1 + p)2Q1/2(1−Q)
]
gs −
1
48
[
(1 + p)2(1 + 4p+ 2p2)Q1/2(1−Q)
]
g3s + . . . ,
F c=1(0,1,0,...) =
[
(1 + p)Q1/2(1−Q)
]
−
1
24
[
(3 + 11p+ 12p2 + 4p3)Q1/2(1−Q)
]
g2s + . . . ,
F c=1(3,0,0,...) =
1
6
[
(−1)pQ1/2(1 + p)3(1 + 3p− 6Q(1 + p) +Q2(5 + 3p))
]
g2s + . . . ,
F c=1(1,1,0,...) =
[
(−1)pQ1/2(1 + p)2(1 + 2p− 4Q(1 + p) +Q2(3 + 2p))
]
gs + . . . ,
F c=1(0,0,1,...) =
1
6
[
(−1)pQ1/2(3(1 + p)(2 + 3p+Q2(4 + 3p))− 2Q(8 + 18p+ 9p2))
]
+ . . . .
In order to compare with the localization computation, we introduce first some nota-
tion. We will consider the following real torus action on the resolved conifold X :
eiφ · (X1, X2, X3, X4) = (e
iλ1φX1, e
iλ2φX2, e
iλ3φX3, e
iλ4φX4).
The weights of the torus action on the local coordinates z = X1/X2, u = X2X3, v = X2X4
are given by λz = λ1 − λ2, λu = λ2 + λ3, λv = λ2 + λ4 respectively. Note that from
the compatibility of the torus action with the antiholomorphic involution it follows that
λu + λv + λz = 0. Now we can present the localization results:
F c=1(1,0,0,...) =Q
1
2 ,
F c=1(2,0,0,...) =
1
2
[(
a
a− 1
)2
Q
1
2 (1−Q)
]
gs −
1
48
[
a2(a2 + 2a− 1)
(a− 1)4
Q
1
2 (1−Q)
]
g3s + . . . ,
F c=1(0,1,0,...) =
[
a
a− 1
Q
1
2 (1−Q)
]
−
1
24
[
a(a+ 1)(3a− 1)
(a− 1)3
Q
1
2 (1−Q)
]
g2s + . . . ,
F c=1(3,0,0,...) =−
1
6
[
Q1/2
(
a
a− 1
)3(
a+ 2
a− 1
−
6a
a− 1
Q+ . . .
)]
g2s + . . . ,
F c=1(1,1,0,...) =−
[
Q1/2
(
a
a− 1
)2(
a+ 1
a− 1
−
4a
a− 1
Q+ . . .
)]
gs + . . . ,
F c=1(0,0,1,...) =−
1
6
[
Q1/2
(
3a(2a+ 1)
(a− 1)2
−
2(8a2 + 2a− 1)
(a− 1)2
Q+ . . .
)]
+ . . . .
where a = −λv/λz. After making the substitution a = 1 +
1
p , we find that the above
results coincide with the expressions obtained from the vertex computation up to factors of
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±(−1)p. The sign difference is due to different choice of conventions between the vertex and
the localization computations. As an example, we present below the graphs contributing
to the unoriented open Gromov-Witten invariant for genus 1 maps with degree 3 IRIP2 and
winding vector (0, 1, 0, ...), as well as their contributions.
2
2
2
2
2
x
3
2
x
2
x
2
x
2
x
(a) (b) (c) (d)
(e) (f) (g)
Fig. 6 One crosscap, genus 1 and three crosscaps, genus 0 at degree 3 IRIP2, and
winding vector (0, 1, 0, ...).
The contributions of the above graphs are computed according to the rules explained in
[9]. We obtain:
C
(1,3),(a)
(0,1,0,...) =
(λu − 2λv)(2λu − λv)λv(λu + 2λv)(λ
3
u + 6λ
2
uλv + λuλ
2
v + 2λ
3
v)
48λ3uλ
4
z
,
C
(1,3),(b)
(0,1,0,...) = −
(λu − 2λv)λ
2
v(λu + 2λv)
48λ2uλ
2
z
, C
(1,3),(c)
(0,1,0,...) =
λ2v(λu + 2λv)
24λuλ2z
,
C
(1,3),(d)
(0,1,0,...) = −
λ2v(2λu + λv)(λu + 2λv)
24λ4z
, C
(1,3),(e)
(0,1,0,...) =
λ3v(λu + 2λv)(λ
3
u − 2λuλ
2
v − 2λ
3
v)
12λ3uλ
4
z
,
C
(1,3),(f)
(0,1,0,...) = −
(λu + 2λv)λ
3
v(λu − 2λv)
6λuλ4z
, C
(1,3),(g)
(0,1,0,...) =
(λu + 2λv)λ
3
v(λu − 2λv)
2λuλ4z
.
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II. IP2 attached to IRIP2
The topological vertex gives the following results:
F c=1(1,0,...) =(−1)
pQ1/2e−t[−1− 2(−2 +Q)e−t + (−35 + 30Q− 3Q2)e−2t
+ 4(100− 122Q+ 33Q2)e−3t + . . .] + . . . ,
F c=2(1,0,...) =− (−1)
pQ2e−3t
[
1 + (−15 + 2Q2)e−t + . . .
]
gs + . . . ,
F c=1(2,0,...) =
1
2
Q1/2e−t
[
−p2 + (3 + 6p+ 6p2)e−t + . . .
]
gs + . . . ,
F c=2(2,0,...) =−
1
2
Q2e−3t
[
1 + 2p+ 2p2 + . . .
]
g2s + . . . ,
F c=1(0,1,0,...) =Q
1/2e−t
[
−p+ (3 + 6p)e−t + . . .
]
+ . . . ,
F c=2(0,1,0,...) =−Q
2e−3t[1 + 2p+ . . .]gs + . . . .
For the localization computations, we will use the same notation as in [5]. We present
below some of the localization computations we performed. First, we obtain
F c=1(2,0,...) =
1
2
Q1/2e−t
[
−
(
λv − λu
λv − 2λu
)2
+
(
3(2λ2u − 2λuλv + λ
2
v)
(2λu − λv)2
)
e−t + . . .
]
gs + . . . .
We present the graphs contributing at degree 2 hyperplane class in the expression above,
as well as their contributions.
(b) (d)(c)
2
(a)
(e) (f) (g)
x
x x
x
x
x
x
Fig. 7 One crosscap graphs at degree 1 IRIP2, degree 2 hyperplane and winding
vector (2, 0, ...).
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C
(2,0,0,...),(a)
(−1,1,2) =
λv(λu − λv)
2(3λu − 2λv)
λ2u(λv − 2λu)
2
, C
(2,0,0,...),(b)
(−1,1,2) =
(λu − λv)
4
λ2u(λv − 2λu)
2
,
C
(2,0,0,...),(c)
(−1,1,2) =
2λ2u − 2λuλv + λ
2
v
2(λv − 2λu)2
, C
(2,0,0,...),(d)
(−1,1,2) =
λ2u
2(λv − 2λu)2
,
C
(2,0,0,...),(e)
(−1,1,2) =
λ2v(λu − λv)
2
2λ2u(λv − 2λu)
2
, C
(2,0,0,...),(f)
(−1,1,2) =
(λu − λv)
2
2(λv − 2λu)2
, C
(2,0,0,...),(g)
(−1,1,2) =
λ2v
2λ2u
.
In the expressions above, the subscript of the contributions is (χ, d1, d2) where χ is the
unoriented genus of the closed component of the map and d1 and d2 are the IRIP
2 and
hyperplane degrees respectively. Then, for the same winding vector, at 2 crosscaps we
obtain
F c=2(2,0,...) = −
1
2
Q2e−3t
[
2λ2u − 2λuλv + λ
2
v
(λv − 2λu)2
+ . . .
]
+ . . . .
The two crosscaps configurations were discussed at length in [5]. The graphs come in sets
and there is a single set such that the sum of the contributions of the corresponding graphs
does not vanish. That set and the graphs contributions are presented below.
3
(d)
(a) (b)
2
2
(c)
(e)
Fig. 8 Two crosscaps graphs at degree 4 IRIP2, degree 3 hyperplane and winding
vector (2, 0, ...).
C
(2,0,0,...),(a)
(0,4,3) = −
(λ2u − λuλv + λ
2
v)(2λ
2
u − 2λuλv + λ
2
v)
2λ2z(λv − 2λu)
2
,
C
(2,0,0,...),(b)
(0,4,3) =
1
2
C
(2,0,0,...),(c)
(0,4,3) = −
λuλv(2λ
2
u − 2λuλv + λ
2
v)
2λ2z(λv − 2λu)
2
,
C
(2,0,0,...),(d)
(0,4,3) = −C
(2,0,0,...),(e)
(0,4,3) =
(λ2u + λ
2
v)(2λ
2
u − 2λuλv + λ
2
v)
2λ2z(λv − 2λu)
2
.
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We also obtain
F c=1(0,1,0,...) = Q
1/2e−t
[
λv − λu
λv − 2λu
− 3
(
λv
λv − 2λu
)
e−t + . . .
]
+ . . . ,
F c=2(0,1,0,...) = Q
2e−3t
[(
λv
λv − 2λu
)
+ . . .
]
+ . . . .
We note that for this geometry we obtain agreement with the vertex computation if we
set p = − λv−λuλv−2λu .
III. SO/Sp Hopf link invariant
The results obtained from the topological vertex are:
F c=1((1,0,...),(1,0,...)) =(−1)
p1+p2Q1/2(1−Q)gs −
1
24
(−1)p1+p2Q1/2(1−Q)g3s + . . . ,
F c=1((2,0,...),(1,0,...)) =
1
2
(−1)p2Q1/2
[
1 + 2p1 + 2p
2
1 − 2Q(1 + 2p
2
1) +Q
2(1− 2p1 + 2p
2
1)
]
g2s + . . . ,
F c=1((0,1,0,...),(1,0,...)) =(−1)
p2Q1/2
[
1 + 2p1 − 4Qp1 −Q
2(1− 2p1)
]
gs + . . . .
The localization results are:
F c=1((1,0,...),(1,0,...)) =Q
1/2(1−Q)gs −
1
24
Q1/2(1−Q)g3s + . . . ,
F c=1((2,0,...),(1,0,...)) =−
1
2
Q1/2
[
λ2u + 2λuλv + 2λ
2
v
λ2u
− 2Q
(
λu
2 + 2λv
2
λu
2
)
+Q2
(
λ2u − 2λuλv + 2λ
2
v
λ2u
)]
g2s + . . . ,
F c=1((0,1,0,...),(1,0,...)) =Q
1/2
[
λu + 2λv
λu
− 4Q
(
λv
λu
)
−Q2
(
λu − 2λv
λu
)]
gs + . . . .
To obtain agreement with the vertex result for this D-brane configuration, we need to set
p1 =
λv
λu
. These computations offer strong evidence of the equivalence between the vertex
computation and the localization on the moduli space of stable open unoriented maps.
4. Application: the BPS structure of the coloured Kauffman polynomial
One of the most interesting applications of the above results is the determination of the
BPS structure of the coloured Kauffman polynomial. In contrast to the results obtained
for orientifolds of toric geometries above, we won’t be able to give a full determination
of all quantities involved for arbitrary knots, but we can still formulate some interesting
structural properties of the knot polynomials similar to those explained in [38,23,25,24].
We will first recall the results for the coloured HOMFLY polynomial, and then we will
state and illustrate the results for the coloured Kauffman polynomial.
25
4.1. Chern-Simons invariants and knot polynomials
Let us consider Chern-Simons theory on S3 with gauge groupG. The natural operators
in this theory are the holonomies of the gauge connection around a knot K,
WKR (A) = P exp
∮
K
A. (4.1)
If we now consider a link L with components Kα, α = 1, · · · , L, the correlation function
WGR1···RL(L) = 〈W
K1
R1
· · ·WKLRL 〉 (4.2)
defines a topological invariant of the link L. In this equation the bracket denotes a normal-
ized vacuum expectation value, and we have indicated the gauge group G as a superscript.
It is well-known [42] that Chern-Simons produces in fact invariants of framed links, but
in the following we will consider knots in the so-called standard framing (see [15,31] for a
review of these topics). The correlation functions (4.2) turn out to be rational functions of
the variables q±1/2, λ±1/2. The variable q is defined as q = eigs , where gs is the effective
Chern-Simons coupling constant
gs =
2π
k + y
, (4.3)
k is the coupling constant of Chern-Simons theory, and y is the dual Coxeter of the gauge
group (therefore it is N for U(N), N − 2 for SO(N), and N + 1 for Sp(N)). The variable
λ is defined by
λ = qN+a, (4.4)
where
a =
 0 for U(N),−1 for SO(N),
1 for Sp(N).
(4.5)
The vacuum expectation values of Wilson loops are related to link invariants obtained
from quantum groups [42]:
1) If G = U(N) and R1 = · · · = RL = , then
W
U(N)
··· (L) = λ
lk(L)
(
λ
1
2 − λ−
1
2
q
1
2 − q−
1
2
)
PL(q, λ) (4.6)
where PL(q, λ) is the HOMFLY polynomial of L [11], and lk(L) is its linking number.
2) If G = SO(N) and R1 = · · · = RL = , then
W
SO(N)
··· (L) = λ
lk(L)
(
1 +
λ
1
2 − λ−
1
2
q
1
2 − q−
1
2
)
FL(q, λ) (4.7)
where FL(q, λ) is the Kauffman polynomial of L [20].
We will callW
U(N)
R1···RL
(L) andW
SO(N)
R1···RL
(L) the coloured HOMFLY and Kauffman poly-
nomials of L, respectively. Note that there is a slight abuse of language here, since these
Chern-Simons correlation functions are not polynomials, but rather rational functions.
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4.2. BPS structure: statement and examples
In [38], Ooguri and Vafa extended the duality of [13] between Chern-Simons theory
on S3 and topological strings on the resolved conifold by incorporating the correlation
functions (4.2). We will consider the case of knots, although everything we will say has
a straigthforward generalization to links. The results of [38] are the following: first, to
any knot K ∈ S3 one can associate a Lagrangian submanifold SK in the resolved conifold.
Moreover, the generating functional of knot invariants
ZU(N)(V ) =
∑
R
W
U(N)
R (K)TrR V (4.8)
where V is a U(M) matrix, is the partition function for open topological strings propa-
gating on the resolved conifold and with Dirichlet boundary conditions associated to SK
(after some appropriate analytic continuation). Equivalently, we consider M branes wrap-
ping SK, where M is the rank of V , and compute the partition function of topological
string theory in this D-brane background. Since open string amplitudes have the BPS
structure explained in (2.5) and (2.6), this leads to structure results for the knot invariants
W
U(N)
R (K) (which play the roˆle of ZR). This is explained in detail in [23,25,24].
The large N duality of [13] can be generalized by considering an orientifold of the
two geometries involved in the geometric transition, namely the resolved and the deformed
conifold [40]. The deformed conifold is defined by the equation z1z4 − z2z3 = µ and it
contains an S3. If we wrap 2N branes on the three-sphere, the spacetime description of
the open topological string theory is Chern-Simons theory on S3 with gauge group U(2N)
and at level k (the level is related to the open string coupling constant). We now consider
the following involution of the geometry
I : (z1, z2, z3, z4)→ (z¯4,−z¯3,−z¯2, z¯1) (4.9)
that leaves the S3 invariant. The string field theory for the resulting open strings is now
Chern-Simons theory with gauge group SO(N) or Sp(N), depending on the choice of
orientifold action on the gauge group. The orientifold action on the resolved conifold is
given by (3.5). It then follows from the results of [38] and the orientifold action considered
in [40] that the Chern-Simons generating functional
ZSO/Sp(V ) =
∑
R
W
SO/Sp
R (K)TrR V, (4.10)
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where V is again a U(M) matrix, is the total partition function for open strings propagating
on the orientifold of the resolved conifold with M branes wrapping SK. In particular,
the logarithm of (4.10) will have the structure explained in (2.15), where the oriented
contribution is obtained by considering a covering geometry with both SK and its image
under the involution (3.5), I(SK). We can then translate the structure results presented
in section 2 into structure results for the coloured Kauffman polynomial.
The main problem in making this translation precise is that, given an arbitrary knot
K, we lack a precise prescription to compute the contribution of the covering amplitude.
The covering amplitude CR1R2 is defined as the oriented amplitude in the covering geometry
in the presence of two sets of branes wrapping SK and I(SK), with representations R1, R2,
respectively. If one of the representations is trivial, we recover the oriented amplitude in
the presence of SK, therefore CR = W
U(N)
R (K). But in the general case it is not obvious
how to determine CR1R2 . Although there are proposals for the geometry of the Lagrangian
submanifolds SK [25,41], a direct Gromov-Witten computation of the corresponding open
string amplitudes seems to be very difficult. One possible way of determining CR1R2 would
be to translate it into a pure knot-theoretic computation in the context of Chern-Simons
theory, but we haven’t found a completely satisfactory solution to this problem.
Although we don’t know how to compute the covering amplitude for an arbitrary knot,
we can still extract the f̂ c=1R amplitudes from the knowledge of W
SO(N)
R (K). This goes as
follows. Let us define the rational functions gR(q, λ) through the following equation
logZSO(V ) =
∑
R
∑
d odd
1
d
gR(q
d, λd)TrRV
d, (4.11)
and define as well
ĝR(q, λ) =
∑
RR′
M−1RR′(q)gR(q, λ). (4.12)
Clearly, since we are not substracting the covering piece in the l.h.s. of (4.11), we cannot
expect much structure for ĝR(q, λ). However, one has that
f̂ c=1R (q, λ) =
1
2
(
ĝR(q, λ
1
2 )− (−1)ℓ(R)ĝR(q,−λ
1
2 )
)
. (4.13)
This follows from parity considerations. The invariants W
U(N)
R (K) have powers of λ
1
2 of
the form ℓ(R) + 2k, while W
SO(N)
R (K) have powers of λ
1
2 both of the form ℓ(R) + 2k and
ℓ(R) + 2k + 1. The first ones correspond to both oriented and c = 2 contributions, while
the last ones correspond to c = 1 contributions. Also, the covering contribution CR1R2
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(being an oriented amplitude) contains only powers in λ
1
2 of the form ℓ(R1) + ℓ(R2) + 2k.
It is now easy to see from the results in section 2 that f̂ c=1R does not involve at all the
covering contributions, and can be computed solely from the SO(N) invariants, precisely
in the way specified by (4.13). We can then formulate the following conjecture concerning
the structure of the coloured Kauffman polynomial:
Conjecture. Let ĝR(q, λ) be defined in terms of the coloured Kauffman polynomial
by (4.11) and (4.12). Then, we have that
1
2
(
ĝR(q, λ
1
2 )− (−1)ℓ(R)ĝR(q,−λ
1
2 )
)
=
∑
g,β
N c=1R,g,β(q
1
2 − q−
1
2 )2gλβ, (4.14)
where N c=1R,g,β are integer numbers. They are BPS invariants corresponding to unoriented
open string amplitudes with one crosscap.
In the case of W
SO(N)
(q, λ), which is the unnormalized Kauffman polynomial, we
can be slightly more precise, since we know that C (q, λ) = W
U(N)
(q, λ), which is the
unnormalized HOMFLY polynomial. We then deduce that
W
SO(N)
(q, λ)−W
U(N)
(q, λ) =
∑
g,β
N c=1,g,β(q
1
2 − q−
1
2 )2gλβ +
∑
g,β
N c=2,g,β(q
1
2 − q−
1
2 )2g+1λβ .
(4.15)
On the other hand, it follows from integrality of the oriented amplitudes that
W
U(N)
(q, λ) =
∑
g≥0
pHg (λ)(q
1
2 − q−
1
2 )2g−1, (4.16)
where pHg (λ) is an odd polynomial in λ
± 12 . It then follows that the structure of the
unnormalized Kauffman polynomial is given by
W
SO(N)
(q, λ) =
∑
b≥0
pKb (λ)(q
1
2 − q−
1
2 )b−1, (4.17)
where pKb (λ) is an odd (even) polynomial in λ
± 12 for b even (odd). Moreover,
pK0 (λ) = p
H
0 (λ). (4.18)
This structural prediction turns out to be a well-known result in the theory of the Kauffman
polynomial, see for example [28], page 183. One can easily compute N c=1,2,g,β for various
knots by computing the corresponding Kauffman polynomial. For example, the results of
[26] imply that
N c=2,g,β = 0 (4.19)
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for all torus knots.
Let us now turn to checks of the conjecture above for different knots and higher
representations. The simplest case is of course the unknot, but this case has been already
checked in section 3 (indeed, in the case of the unknot we know even how to compute the
covering amplitude for arbitrary representations). In order to test the conjecture, we have
to compute the invariants W
SO(N)
R (K) for arbitrary R. A class of nontrivial knots where
this is doable are torus knots. In the case of U(N) invariants, this was done in [23] by using
the formalism of knot operators [21] and the results of [22]. For SO(N), the formalism of
knot operators was used in [26] to compute invariants in the fundamental representation,
but this has not been generalized to higher representations. For torus knots of the form
(2, m), however, one can use the results of [39] to write down a formula for the invariants
in any representation of any gauge group. The formula reads as follows:
WGR (K(2,m)) =
∑
S∈R⊗R
(dimqS)(cS(R,R))
m (4.20)
where
cS(R1, R2) = ǫ
S
R1R2
q
CR1
+CR2
2 −
CS
4 (4.21)
In this equation, CR is the quadratic Casimir
CR = κR + ℓ(R)(N + a), (4.22)
where a is given in (4.5), and ǫSR1R2 is a sign which counts whether S appears symmetrically
or antisimmetrically in the tensor product R1⊗R2. In case S appears with no multiplicity,
there is an explicit expression for this sign given by [35]
ǫSR1R2 = (−1)
ρ·(Λ1+Λ2−ΛS), (4.23)
where Λ1, Λ2, ΛS are the highest weights of to the representations R1, R2, S, respectively.
Using (4.20) one can easily compute the invariants of the (2, m) torus knots in the SO(N)
case, and extract gR (hence N
c=1
R,g,β) for various representations. In all cases we have found
agreement with the above conjecture. We now present some results for the BPS invariants
for the simplest torus knot, the (2, 3) knot or trefoil knot, for representations up to three
boxes. All the invariants that are not shown in the Tables are understood to be zero.
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β = 1 2 3
g = 0 3 −3 1
1 1 −1 0
Table 1: BPS invariants N c=1,g,β for the trefoil knot.
β = 3/2 5/2 7/2 9/2 11/2
g = 0 8 −39 69 −53 15
1 6 −61 146 −126 35
2 1 −37 128 −120 28
3 0 −10 56 −55 9
4 0 −1 12 −12 1
5 0 0 1 −1 0
Table 2: BPS invariants N c=1,g,β for the trefoil knot.
β = 3/2 5/2 7/2 9/2 11/2
g = 0 16 −69 111 −79 21
1 20 −146 307 −251 70
2 8 −128 366 −330 84
3 1 −56 230 −220 45
4 0 −12 79 −78 11
5 0 −1 14 −14 1
6 0 0 1 −1 0
Table 3: BPS invariants N c=1
,g,β
for the trefoil knot.
The results for representations with three boxes are listed in Appendix C.
Although we have focused in this section on the case of knots, it is straightforward to
extend the conjecture above to the case of links, and extract the c = 1 piece from the SO
Chern-Simons invariants. Framed knots can be also considered by using exactly the same
rules that are used for U(N) invariants [32].
5. Discussion
In this paper we extended the results of [5] in order to study open string amplitudes
on orientifolds without fixed planes. We found the general structure of the twisted and un-
twisted contributions, we determined the BPS structure of the corresponding amplitudes,
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and we checked our results in various examples. We want to remark that, although our
main testing ground have been orientifolds of noncompact, toric Calabi-Yau orientifolds
with noncompact branes, the general results about the structure and integrality properties
of the amplitudes should be valid in general.
One of the motivations of the present paper was to extend the results of [25,24] on the
BPS structure of the coloured HOMFLY polynomial to the coloured Kauffman polynomial.
Although our general structural results on open string amplitudes on orientifolds give a first
principles answer to this problem, as it has been made clear in the analysis of the framed
unknot and the Hopf link, we haven’t been able to determine the covering contribution
for arbitrary knots. This is an important open issue that one should resolve in order to
obtain a complete picture of the correspondence between enumerative geometry and knot
invariants implied by large N dualities.
We have also seen that the predictions obtained from the topological vertex in the un-
oriented case agree with unoriented localization computations in the examples that we have
worked out. It would be very interesting to derive a more general and precise correspon-
dence between these two approaches, following the lines of the mathematical treatment
of the vertex given in [6,27], and maybe connect the unoriented Gromov-Witten theory
sketched here and in [9,5], with a moduli problem involving ideal sheaves, generalizing in
this way the results of [33]. Finally, our results both in this paper and in [5] cover only
orientifolds without fixed planes, and more work is needed in order to understand the
general situation from the point of view of topological string theory.
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Appendix A. Useful formulae and Schur functions.
In this appendix we will list some useful identities of Schur functions and their relations
to the unknot and Hopf link invariants. For a more detailed discussion of Schur functions
see for example [30,12]. Applications of these results to topological string computations
can be found in [37,10,16,18].
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Let R be a partition associated to a Young tableau. Let ℓ(R) be the number of boxes
of the Young tableau and li(R) be the number of boxes in the i-th row. We define the
quantity
WR(q) = sR(q
ρ) (A.1)
where sR(q
ρ) is the Schur function with the substitution sR(xi = q
−i+1/2), where i runs
from 1 to ∞. WR(q) is the leading order of the U(N) quantum dimension dim
U(N)
q R (in
the sense defined in [3]). We also recall the general formula for quantum dimensions of a
group G:
dimGq R =
∏
α∈∆+
[(ΛR + ρ, α)]
[(ρ, α)]
, (A.2)
where ΛR is the highest weight of the representation R, ρ is the Weyl vector, and the
product is over the positive roots of G . We also defined the following q-number:
[x] = qx/2 − q−x/2. (A.3)
Another important object is
WR1R2(q) = sR1(q
ρ)sR2(q
ℓ(R1)+ρ), (A.4)
where sR2(q
ℓ(R2)+ρ) = sR2(xi = q
li(R2)−i+1/2). This is the leading part (again in the sense
of [3]) of the Hopf link invariant W
U(N)
R1R2
.
The topological vertex formula derived in [2] reads
CR1R2R3 = q
1
2 (κR2+κR3 )
∑
Q1,Q2,R
NR1Q1RN
Rt3
Q2R
WRt2Q1WR2Q2
WR2
, (A.5)
where κR is defined by κR =
∑
i li(R)(li(R)−2i+1). Using (A.1) and (A.4) we can express
the topological vertex in terms of Schur functions (this was first done in [37])
CR1R2R3 = q
1
2 (κR2+κR3 )sRt2(q
ρ)
∑
Q
sR1/Q(q
ℓ(Rt2)+ρ)sRt3/Q(q
ℓ(R2)+ρ), (A.6)
where we have used skew Schur functions defined as
sR/R1(x) =
∑
Q
NRR1QsQ(x). (A.7)
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Schur functions satisfy some useful identities. First, we have
sRt(q) = q
−κR/2sR(q) = (−1)
ℓ(R)sR(q), (A.8)
and similarly
sR/R1(q) = (−1)
ℓ(R)−ℓ(R1)sRt/Rt1(q). (A.9)
The two following formulae are also important:∑
R
sR/R1(x)sR/R2(y) =
∏
i,j≥1
(1− xiyj)
−1
∑
Q
sR2/Q(x)sR1/Q(y),∑
R
sR/R1(x)sRt/R2(y) =
∏
i,j≥1
(1 + xiyj)
∑
Q
sRt2/Q(x)sRt1/Qt(y).
(A.10)
The following result was proved in [10]. Let us define the “relative” hook length
hR1R2(i, j) = li(R1) + lj(R2)− i− j + 1, (A.11)
and the following functions
fR(q) =
q
(q − 1)
∑
i≥1
(qli(R)−i − q−i),
f˜R1R2(q) =
(q − 1)2
q
fR1(q)fR2(q) + fR1(q) + fR2(q).
(A.12)
Let us denote the expansion coefficients of f˜R1R2(q) by
f˜R1R2(q) =
∑
k
Ck(R1, R2)q
k. (A.13)
Alternatively, ∑
k
Ck(R1, R2)q
k =
WR1
WR1
WR2
WR2
−W 2 . (A.14)
Then it was proved that
∏
i,j≥1
(1−QqhR1R2 (i,j)) =
∞∏
k=1
(1−Qqk)k
∏
k
(1−Qqk)Ck(R1,R2). (A.15)
Let us now present a useful result proved by Littlewood [29,30]:
∑
R=RT
sR(x)(−1)
1
2 (ℓ(R)∓r(R)) =
∞∏
i=1
(1± xi)
∏
1≤i<j<∞
(1− xixj), (A.16)
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where r(R) is the rank of R. The final formula that we will need reads as follows [16]
∏
i,j
(1−Qxiyj) = exp
[
−
∞∑
n=1
Qn
n
∑
i,j
xni y
n
j
]
, (A.17)
from which we can deduce the identities
∏
i
(1∓Q1/2qi−1/2) = exp
[ ∞∑
n=1
(±1)nQn/2
n(qn/2 − q−n/2)
]
,
∏
i,j
(1−Qqi+j−1) = exp
[
−
∞∑
n=1
Qn
n(qn/2 − q−n/2)2
]
.
(A.18)
Appendix B. A useful identity
In our previous paper [5] we conjectured the relation (3.2) between the topological
vertex and SO/Sp Chern-Simons expectation values of Hopf links. This identity showed
that the new vertex rule introduced in [5] to compute amplitudes on orientifolds agrees
with the results of large N SO/Sp transitions. In [5] we only presented a partial proof of
this relation; we will now present the full proof. We will only consider here the Sp case for
the sake of clarity, but the proof for the SO case is similar.
Let us start by considering (3.2) for trivial representations R1 = R2 = ·. In this case
we have to show that ∑
R=RT
CR··Q
ℓ(R)/2(−1)
1
2 (ℓ(R)+r(R)) = S
Sp(N)
00 . (B.1)
The l.h.s. can be rewritten using (A.6), (A.8) and (A.16) as
∑
R=RT
s(Q1/2q−ρ)(−1)
1
2 (ℓ(R)−r(R)) =
∞∏
i=1
(1 +Q1/2qi−1/2)
∏
1≤i<j<∞
(1−Qqi+j−1)
=
∏∞
i=1(1 +Q
1/2qi−1/2)1/2
∏∞
i,j,=1(1−Qq
i+j−1)1/2∏∞
i=1(1−Q
1/2qi−1/2)1/2
(B.2)
Using (A.18) we find that the r.h.s. becomes
exp
[1
2
∞∑
n=1
((−1)n − 1)Qn/2
n(qn/2 − q−n/2)
]
exp
[
−
1
2
∞∑
n=1
Qn
n(qn/2 − q−n/2)2
]
(B.3)
which is exactly S
Sp(N)
00 , so (B.1) is proved.
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Let now R1 = · be the trivial representation and R2 = µ be any representation. We
must now show that
1
S
Sp(N)
00
∑
R=RT
C·µTRQ
1
2 (ℓ(R)−ℓ(µ))q
κµ
2 (−1)
1
2 (ℓ(R)+r(R)) =WSp(N)µ . (B.4)
Using (A.6) and (A.8) the l.h.s can be rewritten as
1
S
Sp(N)
00
sµ(Q
−1/2qρ)
∑
R=RT
(−1)
1
2 (ℓ(R)−r(R))sR(Q
1/2q−ℓ(µ)−ρ). (B.5)
From (A.16), the first line of (B.2) and the definition of WR(q) = sR(q
ρ) in terms of
q-numbers (see eq. (7.5) of [2]), we find, after some algebra:
Q−ℓ(µ)/2
∏
1≤i<j≤d(µ)
[li + lj − i− j + 1]Q−1 [li − lj + j − i]
[−i− j + 1]Q−1 [j − i]
×
d(µ)∏
i=1
[1− i]
Sp(N)
Q−1
[2li − 2i+ 1]Q−1
[li + 1− i]
Sp(N)
Q−1
[−2i+ 1]Q−1
li∏
v=1
Q1/2
[li − i− v − d(µ) + 1]Q−1
[v − i+ d(µ)]
(B.6)
where d(µ) is the number of rows of µ, and we used the q-numbers [x] = qx/2 − q−x/2,
[x]λ = λ
1/2qx/2 − λ−1/2q−x/2 and [x]
Sp(N)
λ = λ
1/4q
1
4 (2x−1) − λ−1/4q−
1
4 (2x−1). One can see
that the two factors of Q cancel out of (B.6), and the remaining expression is exactly the
definition of the Sp(N) quantum dimension of µ for λ = Q−1 (see eq. (4.9) in [5]). But
W
Sp(N)
µ = dim
Sp(N)
q µ(λ = Q
−1). Therefore (B.4) is proved.
We are now in position to prove (3.2) in the general case, namely we have to show
that
1
S
Sp(N)
00
∑
R=RT
CR1RT2 RQ
ℓ(R)/2(−1)
1
2 (ℓ(R)+r(R)) = q−
κR2
2 Q
1
2 (ℓ(R1)+ℓ(R2))W
Sp(N)
R1R2
. (B.7)
Let us first rewrite the Hopf link expectation value in terms of quantum dimensions, using
eq. (4.19) of [5]. The r.h.s. becomes:∑
µ,λ1,λ2,λ3
NR1λ1λ2N
R2
λ1λ3
Nµλ2λ3q
1
2 (κR1−κµ)Q
1
2 (ℓ(µ))WSp(N)µ , (B.8)
where we expressed the Sp tensor product coefficients in terms of Littlewood-Richardson
coefficients [12]. We can now rewrite the r.h.s. using (B.4) and (A.6) as
1
S
Sp(N)
00
∑
R=RT
Q
1
2 ℓ(R)(−1)
1
2 (ℓ(R)+r(R))sRT (q
ρ)q
1
2 (κR1+κR)
×
∑
µ,λ1,λ2,λ3
NR1λ1λ2N
R2
λ1λ3
Nµλ2λ3sµT (q
ℓ(R)+ρ)
(B.9)
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The sum in the second line can be explicitely evaluated by using (A.8), (A.9), the definition
of skew Schur functions (A.7) and the fact that sR1(x)sR2(x) =
∑
RN
R
R1R2
sR(x):∑
µ,λ1,λ2,λ3
NR1λ1λ2N
R2
λ1λ3
Nµλ2λ3sµT (q
ℓ(R)+ρ) =
∑
λ1
sRT1 /λT1 (q
ℓ(R)+ρ)sRT2 /λT1 (q
ℓ(R)+ρ) (B.10)
Inserting (B.10) in (B.9) gives (using the fact that R = RT ):
1
S
Sp(N)
00
∑
R=RT
Q
1
2 ℓ(R)(−1)
1
2 (ℓ(R)+r(R))
×
[
q
1
2 (κR1+κR)sRT (q
ρ)
∑
λ1
sRT2 /λ1(q
ℓ(RT )+ρ)sRT1 /λ1(q
ℓ(R)+ρ)
] (B.11)
The term in brackets is exactly the definition of CRT2 RR1 in terms of Schur functions (see
(A.6)). Therefore (B.11) is equal to the l.h.s. of (B.7) and the identity (3.2) is proved.
Appendix C. BPS invariants for the trefoil knot
In this Appendix, we list the BPS invariants N c=1R,g,β for representations R with three
boxes.
β = 2 3 4 5 6 7 8 9
g = 0 18 −270 1185 −2380 2430 −1188 175 30
1 21 −753 4924 −12209 13203 −4856 −1300 970
2 8 −1007 10374 −31348 31419 4028 −22155 8681
3 1 −793 13920 −50383 30636 84956 −117415 39078
4 0 −378 12688 −54222 −24584 305272 −343318 104542
5 0 −106 8006 −40151 −118255 609701 −639896 180701
6 0 −16 3486 −20657 −178503 797521 −813994 212163
7 0 −1 1024 −7353 −161931 728309 −734484 174436
8 0 0 193 −1773 −98947 478948 −480509 102088
9 0 0 21 −276 −42205 229955 −230209 42714
10 0 0 1 −25 −12624 80705 −80729 12672
11 0 0 0 −1 −2599 20474 −20475 2601
12 0 0 0 0 −351 3654 −3654 351
13 0 0 0 0 −28 435 −435 28
14 0 0 0 0 −1 31 −31 1
15 0 0 0 0 0 1 −1 0
Table 4: BPS invariants N c=1,g,β for the trefoil knot.
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β = 2 3 4 5 6 7 8 9
g = 0 99 −1125 4359 −8096 7828 −3699 563 72
1 201 −4194 22748 −51475 53807 −21649 −2204 2766
2 164 −7702 60811 −165827 171590 −19997 −68978 29939
3 66 −8701 104757 −338906 282625 264688 −468878 164349
4 13 −6395 125047 −472907 124226 1398430 −1710505 542091
5 1 −3092 106648 −466523 −477321 3645201 −3976290 1171376
6 0 −971 65795 −331606 −1232410 6113672 −6363573 1749093
7 0 −190 29358 −171307 −1590490 7192295 −7328205 1868539
8 0 −21 9358 −64261 −1351903 6186865 −6240225 1460187
9 0 −1 2072 −17298 −815116 3979137 −3994110 845316
10 0 0 302 −3252 −358192 1934294 −1937220 364068
11 0 0 26 −405 −115397 712126 −712504 116154
12 0 0 1 −30 −26996 197286 −197315 27054
13 0 0 0 −1 −4465 40454 −40455 4467
14 0 0 0 0 −495 5952 −5952 495
15 0 0 0 0 −33 594 −594 33
16 0 0 0 0 −1 36 −36 1
17 0 0 0 0 0 1 −1 0
Table 5: BPS invariants N c=1
,g,β
for the trefoil knot.
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β = 2 3 4 5 6 7 8 9
g = 0 108 −1044 3705 −6484 6000 −2754 427 42
1 306 −4818 23074 −48785 49436 −20669 −448 1904
2 366 −11012 73663 −186538 193691 −44683 −49616 24129
3 230 −15636 151596 −453623 421630 161750 −421269 155322
4 79 −14720 216949 −756616 429479 1359478 −1836601 601952
5 14 −9381 223615 −898781 −235791 4434624 −5047078 1532778
6 1 −4047 168943 −777340 −1531480 8961515 −9525899 2708307
7 0 −1160 94128 −495542 −2661004 12577678 −12957296 3443196
8 0 −211 38523 −233794 −2843448 12900213 −13087921 3226638
9 0 −22 11409 −81283 −2124814 9936047 −10004126 2262789
10 0 −1 2373 −20525 −1160684 5832726 −5850601 1196712
11 0 0 328 −3656 −470990 2625946 −2629249 477621
12 0 0 27 −435 −142042 905758 −906165 142857
13 0 0 1 −31 −31433 237305 −237335 31493
14 0 0 0 −1 −4959 46375 −46376 4961
15 0 0 0 0 −528 6545 −6545 528
16 0 0 0 0 −34 630 −630 34
17 0 0 0 0 −1 37 −37 1
18 0 0 0 0 0 1 −1 0
Table 6: BPS invariants N c=1
,g,β
for the trefoil knot.
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